Lect ; .
gevaRe ] Roots aud reducihiily (4.4)
Assume R commudnhve ‘f'l‘nJ' F {1_&1_!' -

Ded. A polauom'a.l A"+l ke, X+ € R(X)
pnduwces a {_u._._.,__;{_a_ﬂ. #lR-?E debved 55

n -
i = anr"a, My kg r g, , TeR

Ex: Letp-= Zy The T°l‘3«n“'3""{ xlex+l e Z[x)
tuduces %Lr)-.:r‘fw‘-tll reZ,.
We have {lo)=1, #0) =0, #(z)=1.
On Hreothar haud x>+ x4 ] € Z[x] tucluces
a(_rlzr?'q»r"a-l, reZy , with 3(0!=1,3Lr)=0,3(7—)=1
Note: Diflonsnt pobyuomadals can give. rise  sauit fuushion
Ty
Convenhon: We will use +he same netakon £,
botl for +he p‘aum‘ql oud e cwnsrouo'iud fouachion

1?_.&_{_3 We sy Hiat a€R (s a root of L e R
"(’ -t'(.fl]=0g_.

Theonuu (FactorHuonesm] :

Theoom: The nemainder o} 461 e Bixd whow dinded
bJ t-a (aeR) (5 +he constaut $Ha),

'Ph_m_gf.- Diu.ala => &)= (x-a) gt +ri¥),
wolame. J'L:! rlx) e Jus x-a) =1 or rix) sa‘

3

Lx) ireduche &> Qo $0 aud a.+a,+8 ¥0
Ouly possibilib $or =X ex sl

( Noke Yor exaugle Huat x*¢1=(xti)%)
Aﬂﬁ $0) reduuble &2 #x) has tador o{, Jv_aru.f

(=2 a1 hay roet 0 or 1

3
We ger B mask + &7 Q% +00, A5 F0

He) =@ =2 Qp=0
M =0 &> ag+a, 4, +2,=0 , 3¢
1) imeducible 2 GoF0 aud  Agra,+a,+8,F0

Lo
By possibilikes Boer = 3ot | aud A0 =xSHH]

Note: For aﬂzaq we Uome net
$ix) reduable <=2 $6e) bhas reet O orl,
E:‘:). -ﬁixf =

Carellc_a_n:j; A ?’la“‘““"i‘l .‘;Bd & FIx) hat at wesl
& d—s as HIS :ﬂu.aﬂy,

the same wumber of re

‘L‘PFDB-P" Cowbine Facter -H«umu,MJ_ rucluwchou .

Note:  Nok dae if pol.ring wot svera bield, eq.

il
2w -3 € Zc[y_l lhias 4we r-na'fts,
x=]l aud x=Y

(x* e+ reducble but has no rovt,

@

= J.e.lrm:o or rlx]=0
=> rtx) =C ‘-or some CEF, Let x.:a..wq_a.t.j.

flal= (a-a)gla)+C =C => rx)=4la) py
=0

aeF reot o} Hx)eFx) &2 X-a I by |

Prool: a root > Hal=0 &> rlx)=0 &3 x-a il o

Repetition: A polywousial ptx) eFUx3 o (deg ptor21)
s irveducble of P 4&)3051 => $exleF or aﬁ') &F,
Ex:  Deferwine all imedusible polypnials in Z,[x],
up 4y d«aﬂ.e 3. T gl
Oleaj: x oud x+1 are e

d:g;%z: 200 veduable (=2 0\ Uas a Lader of
- Jaaru. 1
¢=> £(x) has roet O or1

We et fix)=a,x? +a ¥ +Qo , Q%0 &

fe)=0 =7 a,=0
fn=po > az+a,+a,=0

Cor‘ollarﬂ: Let F be an imf.‘uﬂe beld aud of f—M,aﬁ'kaM'

T how
toxl sﬁﬂx] as F_&a_\nmda(s =2 ‘f—fxlzafxi as Mﬂ'

’PNG%: =>) ol:m'ous

("—"} Assuwe $(x) =j(:c) as ‘{ku:'l-l'vué, Ut f«(ui:aﬂd
for all aeF, Tws meaus that 4(&)&3(“-——0
.‘—pr u_,u_ agF =7 -g(.:)——a(m) has r:u.iim‘h. Lu.IMl“l—

Cor.above ] -‘— roots
=Y -FCX] —'a(!] =0 Ltm Fcl') = f.(:]:s[_x)
a3 Pul\&uouu'd.[‘l, " 8]

TFactonzabon tn Q[FJ (V.E):

H_Tkzowm[hﬁamﬁ, veottest] :
Lt = aui’t -tk v 0, € Zbc], q,30

has the takomal root I’%_ €®Q, Ces)=l, thon
L [ 1 Qg M\‘L S"Q.u .
Tk 1(5)- eul5Prann (87 g ea0m0

\-ku_l'\.bas‘“
=5 an™ +aut et -

s +q,rs“"+ans" =0
-1 -z -1
=% a8 = --!‘(_q“'r‘“ *Qn-lr“,s 4‘"""“15” )

:> i \qnsh =% I’“[a_o
i (rs)=)
v law D.ném{v bor Slq“- n



Theorew: Let dxl € Z (2] Then

2x) veducible in T <= Hxl redusible i QU1

"Pmesy AS‘SLUM-L 4()&] = %(x)htx] ’ %L\b), LLLK) & thl

deg e, deg ki) )
“Flizi s}uwawl«(xl (s alse a nchovzabow (u Q)

é.‘—‘-‘) We weed Hee "wllowh\ Mm{-ird":

L evunnca

Let {—(x),au),htx] eZ2(x\ such that
$x) =3mhm) :

W b (prwe) divides all corff. o4 @Q?,Jrlw« P
@ divides all cocll. of g6 ef all coell.od litx).

'Prootf-. Let %(.x} =b,,x"'+-...+—b,/ Wix) =@ x"+ .. .34

Assume Hee coubvary Tuen for some r & we have
Plb whw ier, but ptber
P[cd- wha j<t, but pley

Considlas cc&ﬂ. a'N—«L- (n %CK]-‘

cl,-...k 2 hu Crit LS +‘="'IC'-EH + h"c‘b{'bﬂ—i%,’" i "+bf+l'cb
———
=A— =B
P\a”*’/ P\Ar ?\B =2 ?\hf‘cf =>

=2 P | by or Plc’t conbadichow !

Node: We have Wvae:ﬂ a sﬁuag shalesnent @
For $01¢Z0) we have

Lt = Glx)Hix] => )= g htx]

wheve Glx), Hixd ¢ 7L

witare 3(.11,10.[!"&@[&1
a,_.:g J.eﬁ(e(x]z‘m

aud dzﬁ%ud =u
,ﬁl{]ml - dz%[.u‘_x_jnn
I_\ J‘_@gngg,qal.’/,

Ex: Shewtat {t0) =x'—5x"¢ | SBIHE iwelucible iu QO
ln Huis case wnuak b shew Hhat Ll kas wo fagbor of

dp_aw,e, 1 or2,
. Deﬂuf: Assume ) hasy a Uwear faekor x-—% whare

Lab) =1, (We moy assume Jackor wowie ,Whﬁ?)
TWs weons &

= cookob 401 and by the raboual ot fert
we wunk kove a1l amd bli => a,b=3l=3% =%

Bul £l ome wet reots Ceeel!) | Cowbmelichion !

%r:il 'B.a Huconea +uete above We HlﬁM dackory i lm,

Assame  Flcl=qtalhtel qe), hite) € LD

AE% 36\’,) =J.¢ﬁk()r..l =22
aud. qerd, hex) Mouic
Theu
L) = Oteareb) iex o d )

¢=> xtosetil = it vlat) @ elbrdiac) oyt & (bevad)r +bd

atrc =0

= @mmng c =-a e

= b+d+ae=-5 =7 at= St+bed /.\W
be+ad =0 e @ b=d=t => a}‘:"-l—/ M,L.a"“w‘"
bd=l TN brdeel o 02a a3’

Pf‘Do %1 PYSSUJM& Hae C—Dﬂ-.ﬂua 7 L',e_

m

|7

1l

é.—_-) CCaa%.) Assuwme

©
) = a(x)h[x.} g0, klx) € @ [x]}
Let ¢\ d €7 sucd Muat cqa, dhix) € Z [k}
C*} =2 c&“x.) =(_C.%Ltﬂ (d. Llf!-)) a lackniakoun
M " n ZLxl
/AT ZI)

Let P be a prwe factor (n (,r,Q,_ Then p divides
ol coefl. tn cdbl) =3 o divides all el
tn c.alx) or all woefl. in CUlft?,

Cameel P own both sides b () We Hhow hl
hame o facheizakon m 202D,

Ropeat do al prime tmehm 11 cd. Fl'mll:j we %4_4
a "-ﬂ-d‘ﬂv\"éa.r(\'m&_ a{ #Ck) {n 2[!3 n

Gor. Let 401 €L amd ot ¢ be au inbegar such Hiaf
cfe) € Tled. Thim
$ix) redugble (u QL) &7 cftx) reduuble (nZ[x)
Proof;

£60) veducible v Bk C:) e ) “J““.Lfeiu Q)

hvial
Th. abowe
et reduciVe (n 4y

&

Theonau (Elsenster u_);

Let {ll=a,x"+ ... +ax+a, €LLl),
\&, Hung exisks o -Pvi-w_ T swch Hlat

quo, PlauFlat,...,, qun—j
hut phan, prla, ) theo

Bl 05 (weducible i @QLxY

3605 (opxts ...+ bxebo ) (et A CHC,)

0, = bocs and pla, => plb or ples , lets say PH;Q

Pl'l’ao:l’oco = F+£°

Now siuce P+aﬂ= breg => le’l:.,. , We have

for come eluiukwk dlhat P lbl' whew <k but P+bk.
Cousidew Qy

= Bo Lh.'t"ﬁlcuq"' B ‘:)k_’(‘ 4+ Ekco
‘—'_‘V__—‘-—‘-—
=A

Plak,FlA => r]‘auo => plhe or ple,

conbadathm! D
"+F irn e QLY deralln (pe3)
?_X‘{ -5y +25y7 —0x + 35 irr. 1n Gl

(p=5)



T heonewut - feer=a s .. 40, & Z{'_xl quni i

P Priwme such that pla,

Thow $00= [a,1x" - +La) iomeduerble in Zpha3
=2 ) (neducble QL

- i Shsigim

‘Pr‘voF 3 #qc}on‘&“on u-‘» -f-(x] " Alx) =7 tactone, 0'@ ‘go"' '-“--LTIJ
=7 g-a.d‘on'lxbh'ﬂq 0‘— Hal in EPL’C}.

Show Heat Lo = y5ip ¥

D
Ex:

3ty +F (o otn QL
Z,[<): T = x4 41

== E(O) 0 aud IO)‘*D =2 wue luear #q.chr-

— Oulé ier, pel. ok “4‘6&&2 v L0l (s xPexsl
Cuot a tackor in Fix), sinee by pel. i,

ixl= (23] (F+e 1) -J—_l_)
=2 ) (mmdudble iw T ()
=>  fxl imedudble i @A

}Jﬁ_l-_e,__: The comverse ol Lhe theonen above (s Mot true
Eg 4 =xtel eBIx) (s Urmeduvble fn @La)
but Tee) = x*+1 @ (s reducibler Z,Cx) since

k¥l = (x+0)*

. Cln.a.("!—f“ Y.t , tetonzabon in BCx) amdl @_Dll is covormed
L HEMCE;WL,GMG.IKSU' Shm(j ‘jnu/se-u.



